In the first book on graph theory ever written, König proved the following result . If G is any graph, and d is the maximum degree of the points of G, then it is possible to add new points and to draw new lines joining either two new points or a new point with an old point, so that the result is a regular graph H of degree d.
The graph G is given together with a set I of m new isolated points. Agraph H is formed from G and I by adding joins (new lines) between pairs of points in I and between points in I and G, but no joins are added between pairs of points in G . It is desired to make H regular of degree d and to have m as small as possible.
In Fig. 10 .1 we illustrate such a completion for each of the three (4, 3) graphs, whose lines are drawn solid, to a minimal regular graph H i containing G r as an induced subgraph . The new lines of H, are drawn dashed.
It is well known that any graph G has a completion H. Suppose that H is constructed and that its order is m + n . Let v i , VZ 
Clearly m can be no less than the deficiency of any point of G, so that m e .
Finally, the sum of the degrees in any graph is even ; hence
I -lie conditions (1), (2), (1), and (4) arc thus necessary conditions which m nova mltc,ty . Wt . will show that they m -c also sullicient .
Ilu l all n1 1 4 .1 e i Iu• n Ill :11\h uf urder 11 Among all graphs of order n, the maximum value of this minimum is n .
It is easily seen that since e < d < n and s < nd, n satisfies the four conditions and hence is an upper bound . That it is the least upper bound follows from an example . Let G be K" -x, the graph obtained from a complete graph of
Flg. 10.3 . order n by deleting one line, whence s = 2 and d = n -1 . Then condition (2) is m 2 -mn + 2 Z 0 , which implies m Z n . We conclude with four examples showing that each of the four conditions can be the one which determines the minimum order m of the completion .
Graph G, of Fig . 10 .3 has four points of degree 3 and five points of degree 2, so that n = 9 , d = 3, e = 1 , and s = 5 . The smallest value of m satisfying (2), (3), and (4) is 1, but this does not satisfy (1) . The minimal completion H must have three additional points .
For graph G2, which is K4 -x, n=4, d=3, e = 1 ands = 2 , and we know that m = 4 . However, the number 2 satisfies (1), (3), and (4) simultaneously.
In the third graph, consisting of K3 and an isolated point, n = 4, d = 2, e = 2, and s = 2 . Whereas the number 1 satisfies (1), (2), and (4), (3) forces m to be 2 .
In graph G4i n = 5, d = 3, e = 2, and s = 3 . Together (1), (2), and (4) imply that m 1 while (1), (2), and (3) imply m Z 2 . All four conditions imply m = 3 .
